The precise determination of the excitation energies in condensed-phase molecular systems is important for understanding system-environment interactions as well as for the prerequisite input data of theoretical models used to study the dynamics of the system. The excitation energies are usually determined by fitting of the measured optical spectra that contain broad and unresolved peaks as a result of the thermally random dynamics of the environment. Herein, we propose a method for precise energy determination by strongly coupling the molecular system to an optical cavity and measuring the energy of the resulting polariton. The effect of thermal fluctuations induced by the environment on the polariton is also investigated, from which a power scaling law relating the polariton's linewidth to the number of molecules is obtained. The power exponent gives important information about the environmental dynamics.
Embedded in a high density of environmental particles, the excitation energies of molecules in condensed phase can be modified from their values in gas phase by the static influence of various kinds of system-environment interactions including electrostatic interaction and hydrogen bonding [1] [2] [3] [4] [5] [6] , as well as the effects of molecular conformation [7, 8] . Therefore, a precise determination of the excitation energies of condensed-phase molecular systems is significant for the understanding of systemenvironment interactions. Moreover, the energy values are prerequisite as input data for almost all theoretical models used to study the dynamics of molecular systems [9, 10] . The excitation energies of condensed-phase molecular systems are usually determined by fitting of the measured optical spectra. The optical spectra, however, often contain broad and unresolved peaks as a result of the thermally random dynamics of the environment interacting with the molecular system. Moreover, to extract excitation energy information from the optical spectra, it is necessary to develop a theory of optical spectra that addresses the often sophisticated spectral density of the environment. A variety of approximations are sometimes used to reduce the complexity of the calculations [9, 11, 12] . Consequently, it is desirable to develop an alternative approach that can precisely determine the excitation energies of condensed-phase molecular systems without requiring detailed information about the environmental random dynamics.
In this Letter, we propose a method for the precise determination of the excitation energies of condensed-phase molecular systems by strongly coupling the molecules to an optical cavity and measuring the energy of the polariton that results from the hybridization of the degrees of freedom of light and matter. Strong coupling of molecules to an optical cavity has already been realized in many experimental platforms . It has led to a variety of interesting phenomena and important applications including the control of chemical reactivity [34] [35] [36] [37] [38] [39] [40] [41] , enhancement of transport [42] [43] [44] [45] [46] [47] , nonlinear optical properties of organic semiconductors with applications to optoelectronic devices [48] [49] [50] [51] , and polariton lasing and condensate [52] [53] [54] [55] . The underlying mechanism that allows a precise determination of the excitation energies of condensed-phase molecular systems is that the polariton appears as a sharp peak in optical spectrum under the inflence of strong coupling between the cavity mode and the electronic excitations of molecules inside the cavity. This is related to the effect of vibronic or polaron decoupling found in the Holstein-Tavis-Cummings (HTC) model that describes molecules with a single vibrational mode that are coupled to an optical cavity [36, [56] [57] [58] [59] ] and the extended model [60] . However, since the polariton is a collective superposition of a large number of electronic excitations of molecules [see Eq. (4)] and therefore can be vulnerable to decoherence, the effect of thermal fluctuations induced by the environment on the polariton state at finite temperatures, which is not captured in the HTC model and its extension, is a nontrivial and important issue.
By investigating the effect of thermal fluctuations induced by the environment on the polariton, a power scaling law relating the polariton's linewidth to the number of molecules coupled to the cavity is determined. The power exponent strongly depends on the environment's dynamic time scale. As such, information on environmental dynamics can be extracted from the polariton spectrum obtained for a variable number of molecules. Since the polariton contains both light and matter degrees of freedom, its energy can be obtained by either cavity-transmission or molecular-absorption spectroscopies. In the latter, the polariton needs to be in a bright state with respect to molecular absorption. However, this condition is not satisfied if there are pairs of molecules with the opposite orientations, such as in the case of random orientations. The effective Rabi frequencies for an ensemble of identical molecules or molecular complexes with random orientations are derived. The molecular-absorption and cavity-transmission specarXiv:1904.10624v1 [cond-mat.mes-hall] 24 Apr 2019 troscopies are calculated for several cases of molecular systems with different types of orientations, in which the potential of using polariton for precise determination of excitation energies in condensed-phase molecular systems is demonstrated.
Effect of environmental thermal fluctuations on the polariton's linewidth.-We consider a system of N identical molecules whose electronic excitations are coupled to a single mode of an optical cavity (Fig. 1 ) via dipole interactionĤ
where Ω R is the so-called single-emitter Rabi frequency that characterizes the coupling strength between the cavity and a molecule,â denotes the annihilation operator of the cavity photon, and |g m and |e m represent the electronic ground and excited states, respectively, of the mth molecule. In this case, we assume that all molecules inside the cavity have the same orientation such that their Rabi couplings are equal. Molecules with different orientations will be considered later. Each molecule in condensed phase is assumed to be coupled to an independent environment, which is modeled by an ensemble of harmonic oscillatorsĤ e = 
Here, ω 0 is the molecule's excitation energy and g m,ξ denotes the coupling strength between the mth molecule and the ξ mode of the environment. The dynamics of the environment is characterized by the relaxation function Ψ m (t) = (2/π)
When the spectral density is given by the Drude-Lorentz form,
, the relaxation function has an exponential form, Ψ m (t) = 2λ m exp(−t/τ m ), where λ m is the environmental reorganization energy, which is usually employed to characterize the systemenvironment coupling strength, and τ m is the characteristic timescale of the environmental relaxation or reorganization process [62] . The time evolution of the system's reduced density operator can be solved in a numerically accurate fashion using the hierarchical equations of motion approach for example [63] .
The molecular absorption spectrum can be expressed in terms of the system's dynamical quantities as [64] 
FIG. 1: Schematic illustration of a system of condensed-phase molecules coupled to a single mode of an optical cavity (light magenta) with frequency ωc. Each molecule (green sphere) with the electronic excitation energy ω0 interacts with an independent surrounding environment represented by blue ellipsoids. The thermal dynamics of the environments at a finite temperature T induces energy fluctuations in the molecules that are characterized by the reorganization energy λ and the relaxation time scale τ . The coupling strength between the cavity and a molecule is given by the single-emitter Rabi frequency ΩR. Due to the finite transmitivity of the cavity mirrors (grey plates), the cavity photon has a loss rate of κ.
is the total transition dipole moment operator with µ m being the matrix element of the transition dipole moment of the mth molecule, andμ ×ρ ≡μρ −ρμ. Here, the density operatorρ 0 = |G G| with |G = N m=1 |g m ⊗ |0 c being the ground state of the cavity-molecule system in which all the molecules are in their electronic ground states and the cavity is in the vacuum state. The superoperator G(t) describes the time evolution of the system in Liouville space. In the following numerical demonstration, we set the parameters of the molecular system and the environment to be ω 0 = 12400 cm −1 , λ = 50 cm −1 , τ = 100 fs, and T = 300 K, which are typical values in photosynthetic pigment-protein complexes [9, 10] . For simplicity, we assume that the parameters of the environments are equal. The cavity frequency is taken to be ω c = 12450 cm −1 , i.e., with a detuning of 50 cm −1 from the molecule's excitation energy. The cavity's Q-factor (κ = ω c /Q) is set to be Q = 10 4 . When many molecules are coupled to a single mode of the optical cavity, the collective Rabi frequency √ N Ω R rather than the singleemitter Rabi frequency Ω R determines the polariton energy.
To investigate the effect of thermal fluctuation due to the environment on the polariton's linewidth, we calculate the full width at half maximum of the lower-polariton peak, which represents the polariton with an energy less than both the molecule's excitation energy and the cavity frequency in the molecular-absorption spectrum. It is determined that in the absence of molecule-cavity coupling, the molecular absorption peak has a broad linewidth of approximately 291 cm −1 , which is larger than the typical separation between absorption peaks of different molecules [9] . In contrast, when the molecules are coupled to the cavity mode, the polariton peak in the absorption spectrum has a much smaller linewidth that decreases with an increase of the number N of molecules coupled to the cavity. The N -dependence of the polariton's linewidth is determined to follow a power scaling law ∆ν LP = ∆ 0 N −α with ∆ 0 = 138 ± 4 cm
and α = 0.57 ± 0.02 (for the collective Rabi frequency √ N Ω R = 0.1 eV) obtained via the linear fitting of numerical data in the logarithmic scale [65] .
To obtain physical insight into the effect of environmental thermal fluctuations on the polariton's linewidth , we first assume that the thermal fluctuations do not alter the structure of the lower polariton, which has the form of
where
|e m is the so-called bright state, which is a superposition of electronic excitations of all molecules coupled to the cavity. Given that each of the molecular electronic excitations |e m is coupled to the environmental modes via the interaction given by Eq. (2), the lower polariton |LP with the aforementioned structure can be regarded as having an effective interaction in which the number of modes increases by a factor of N but the coupling strength to each mode decreases by a factor of 1/N . As such, the effective spectral density J LP (ω) and the reorganization energy λ LP for the lower polariton are modified by a factor of 1/N because the spectral density is proportional to the mode density and the coupling strength squared.
The effect of the environment on the linewidth of the lower polariton in the absorption spectrum depends on the environmental dynamics. In the inhomogeneous broadening limit √ k B T λ LP τ −1 , which corresponds to the slow environmental dynamics, the lineshape has a Gaussian form with the linewidth given by √ k B T λ LP [61] . As a result, the polariton's linewidth should follow an N −1/2 scaling. In the opposite limit of homogeneous broadening √ k B T λ LP τ −1 , which corresponds to the fast environmental dynamics, the lineshape has a Lorentzian form with the linewidth given by k B T λ LP τ . As a result, the polariton's linewidth should follow as N −1 scaling. To examine the validity of the preceding analysis, in which it was assumed that the thermal fluctuations do not affect the structure of the lower polariton, we numerically calculate the N -dependence of the polariton's linewidth in the absorption spectrum for different values of the reorganization energy λ. It was determined that the power scaling law of ∆ν LP ∝ N −α is well-satisfied with a strong λ-dependence of the power exponent as shown in Fig. 2 . Consequently, environmental dynamics information can be extracted from the power exponent α obtained by measuring the lower polariton energy for a variable number of molecules coupled to the cavity. It   FIG. 2 : Dependence of the power exponent α in the power scaling ∆νLP ∝ N −α of the lower polariton's linewidth with respect to the number of molecules coupled to the cavity on the dimensionless quantity τ √ kBT λ that characterizes the environment's dynamic motion. Here, λ is the reorganization energy, τ is the relaxation time scale, and T is the temperature of the environment (kB is the Boltzmann constant). The red (green) line indicates the value of α = 1 (α = 0.5), which is the expected value of α in the inhomogeneous (homogeneous) broadening limit τ √ kBT λ 1 (τ √ kBT λ 1) under the assumption that the environmental thermal fluctuations do not affect the structure of the lower polariton.
is evident that α generally decreases with an increase of λ and seems to approach a steady value close to α = 1 (α = 0.5) in the inhomogeneous (homogeneous) broadening limit. The remaining deviation should, however, be attributed to the effect of environmental thermal fluctuations on the structure of the lower polariton.
Polariton energy.-The energy of the lower polariton can be obtained by diagonalizing the Hamiltonian of the cavity-molecule system, yielding
For a sufficiently large Rabi frequency,
Therefore, by repeating the measurement of the lower polariton energy with variable molecular density, in which N is varied, or with variable number of photons in the cavity, by which Ω R is varied, we can obtain the molecular excitation energy ω 0 via a simple linear fitting, given that the cavity frequency ω c is known, for example, based on the transmission spectroscopy measurement of the bare cavity.
The deviation |ν LP − ω LP | of the position of the lowerpolariton peak in the absorption spectrum from its energy as a function of N was investigated. It was determined that the deviation increases with an increase of the number of molecules coupled to the cavity prior to saturation, following the function |ν LP −ω LP | = A−Be −γN [65] . Using the exponential fitting procedure, we determine the saturation value of |ν LP − ω LP | to be A 27 cm −1 , which is smaller than ∆ν LP 55 cm −1 for N = 5 (for the same collective Rabi frequency √ N Ω R = 0.1 eV). The dependence of ∆ν LP and |ν LP − ω LP | on the Rabi frequency Ω R was also investigated. It was determined that ∆ν LP decreases with an increase of Ω R before it saturates for a sufficiently large collective Rabi frequency [65] . The saturation value is determined by the number of molecules coupled to the cavity. The deviation |ν LP − ω LP | follows a power scaling |ν LP − ω LP | = CΩ −η R [65] . Next, we consider a more general system of molecular complex composed of molecules with different excitation energies and transition dipole moments. Both the magnitude and the sign of the Rabi coupling can differ from one molecule to another in the system. In the following numerical demonstration, we consider a system of N = 3 molecules with excitation energies ω 1 = 12400 cm −1 , ω 2 = 12500 cm −1 , and ω 3 = 12600 cm −1 . The Rabi frequencies associated with the three molecules are taken to be √ N Ω
(1)
and Ω
We also consider coupling between electronic excitations of different molecules given by the Hamiltonian
where the coupling matrix elements V mn between the mth and the nth molecules satisfy V mn = V * nm . In this case we take V mn = 50 cm −1 . There is a relatively sharp and isolated peak in the molecular absorption spectrum that corresponds to the lower polariton [65] . The linewidth of the peak is determined to be ∆ν LP 85 cm −1 , which has a comparable magnitude to the linewidth of the polariton peak in the investigated case of N = 3 identical molecules. Besides the lower-polariton peak, there is a broad peak that contains the absorption spectra of the upper-polariton as well as two remaining energy eigenstates. In the case of identical molecules, these two energy eigenstates are dark states with respect to molecular absorption and thus do not appear in the absorption spectrum. Due to the difference in the excitation energy and the Rabi coupling between the molecules, as well as the inter-molecular electronic couplings, they are no longer fully dark states. However, given that these eigenstates consist mainly of the degrees of freedom of matter, their linewidths are broad compared with those of the polaritons.
The energy of the lower polariton is obtained by diagonalizing the Hamiltonian of the molecule-cavity system, which in this case is a 4 × 4 matrix
The deviation of the position of the lower-polariton peak in the absorption spectrum from the lower polariton energy was determined to be |ν LP − ω LP | 19 cm −1 , which is smaller than ∆ν LP . By repeating the measurement of the lower-polariton energy with variable molecular density and/or variable cavity frequency, for example, by adjusting the distance between two mirrors and using the genetic algorithm for a multivariable fitting [9, [66] [67] [68] , the excitation energies of the molecules can be determined or at least the accuracy of their values obtained using other approaches can be evaluated.
In the case of an ensemble of identical molecules with different orientations coupled to a single mode of an optical cavity, the energy of the polariton can be obtained, as in the case of one molecule, by using an effective Rabi frequency Ω Similarly, if an ensemble of identical molecular complexes with different orientations is coupled to a single mode of an optical cavity, the energy of the polariton can be obtained, as in the case of one molecular complex, by using effective Rabi frequencies for energy eigenstates (excitons) of the molecular complex Cavity transmission spectrum.-We have demonstrated that the sharp and isolated peak of the lower polariton appears in the molecular absorption spectrum, which can be used for precise determination of the excitation energies of molecules. However, if there are pairs of identical molecules with opposite orientations such that their Rabi couplings have the same magnitude but the opposite signs, the polariton state would become a dark state with respect to molecular absorption [65] . This situation is encountered especially in a system of identical molecules or identical molecular complexes with random orientations. In this case, given that the polariton always involves the degrees of freedom of the cavity, its energy can be obtained from cavity transmission spectroscopy measurements.
For a numerical demonstration of the cavity transmission spectrum, we consider a system of N = 4 identical molecules that form two pairs of molecules with opposite orientation. As a result, the Rabi couplings satisfy Ω 
The other parameters of the system and the environment are the same as those of the aforementioned system that was inves-tigated. There is a relatively sharp peak of the lower polariton with a linewidth of ∆ν LP 67 cm −1 , which has a comparable magnitude to that of the molecularabsorption spectrum of a system of N = 4 molecules with the same orientation [65] . There is also a very small and flat transmission spectrum at approximately 12400 cm −1 due to the three energy eigenstates of the system that consists mainly of the degrees of freedom of matter. In the absence of thermal fluctuation from the environment, these energy eigenstates do not appear in the cavity transmission spectrum. Their signals in the cavity transmission spectrum should therefore be attributed to the thermal fluctuation of the environment, which affects the structures of the energy eigenstates by inducing small mixing of the degrees of freedom of light and matter.
Conclusions.-We have demonstrated that a precise determination of the excitation energies of condensedphase molecular systems is possible by strongly coupling the molecules to an optical cavity and measuring the energy of the polariton, which is a mixture of light and matter degrees of freedom. The polariton's linewidth is determined to exhibit a power scaling with respect to the number of molecules coupled to the cavity mode. The power exponent strongly depends on the environment's dynamic time. Therefore, the environmental dynamics information can be extracted from the polariton spectrum measured for a variable number of molecules. The exciton-polariton-based approach proposed here is the first step in the development of new methods for precise measurement and/or control of various physical properties of condensed-phase molecular systems [69, 70] , which is significant from the perspective of both fundamental science and technological application.
